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Relative Satellite Motion About an Oblate Planet

William E. Wiesel*
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

A solution to the relative motion problem for satellites is constructed that is based on nearly circular reference
periodic orbits and Floquet theory for the relative motion. This solution conceptually resembles the Clohessy-
Wiltshire solution for relative motion, but includes all zonal harmonics of the Earth’s gravitationalfield. Accuracy
of this solution s at least three orders of magnitude better than the Clohessy-Wiltshire solution. We treat the effect
of second-order displacements from the periodic solution via a semi-analytic perturbation theory. The effects of
sectoral and tesseral gravity terms, as well as air drag, make their appearance as a particular solution to the linear
Floquet problem. Comparisons are made between numerical integrations in the inertial frame and predictions
from the periodic orbit/Floquet/modal perturbation theory, including all gravitational harmonics through order
14, as well as air drag. Submeter-10-m accuracy is achieved for representative clusters in a 1.1 Earth radii, one

radian inclination orbit, over one half-day.

Introduction

R ELATIVE motion of satellites is usually discussed following
Clohessy and Wiltshire! (CW), who linearized the two-body
problem of orbital mechanics about a circular orbit and solved the
resulting constant coefficient linear system. Their solution will be
familiarto most workers in the field of astronauticsand is commonly
used for planning and executing rendezvous and docking maneu-
vers. Recently, their work has been the underlying solution in many
discussions of satellite cluster dynamics and control. However, ren-
dezvous operations and satellite cluster dynamics have one very
fundamental difference. In the rendezvous problem, one spacecraft
executesa series of maneuversovera very few orbits to bring about a
docking. This is, relatively speaking, a problem where large maneu-
vers are expected, and the entire rendezvous and docking problem
is over in only a day or so.

Satellite clusters,on the otherhand, must fly in close proximity for
years, and because the individual satellites may be small, it will not
be possibleto expend maneuvering fuel as prolifically as one does in
the rendezvous problem. Any modeling deficiency in the dynamics
will lead to unexpectedsatellite relative motion, and any inaccuracy
in the prediction of that motion will lead to erroneous maneuvering
to zero out possibly benign perturbations. It is noteworthy, in this
regard, that, whereas the CW solution' has only one secular term
(e.g., a term proportional to time ), Schaub and Alfriend®> have
shown that the relative motion problem with the Earth’s oblateness
J, includedhas two directionswhere solutionsseparate proportional
to time.

Perturbations for cluster relative motion have been examined by
anumber of authors, virtually always in the contextof the CW solu-
tion as the reference orbit. Sedwick et al.’> examined perturbations
from CW motion in an order of magnitude analysis. Melton* has
expanded the state transition matrix for the two-body problemin a
series in the eccentricity, whereas Carter’® has produced an excellent
survey of relative motion work, as well as a closed-form solution
for the state transition matrix for the two-body problem. Gim and
Alfriend® have produced the state transition matrix for the two-body
problem perturbed by J,. Much control work has been published,
too numerous to cite here. Ulybyshev’ used a time-averaged secu-
lar term form of the CW equations to study the effects of air drag.
De Queiroz et al.® implemented a nonlinear controller, again based
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on the CW reference dynamics. Sparks’ studied the effect of J, per-
turbations on a system with a linear quadratic regulator controller.

However, the method presented here differs fundamentally from
the control problem approach. The author feels strongly that control
should only be used as a last resort and only when perturbationsact
to disperse the cluster. The first step, then, is to produce a linearized
referencesolutionthatincludes as much of the dynamics as possible,
and the second step is to characterizeall of the natural perturbations
to the linear motion.

In this paper, the problem of satellite relative motion will be com-
pletely reexamined. By the use of a nearly circular periodic orbit as
the reference solution,and by the use of Floquet theory'® to solve the
linear system, it is possible to produce a first-order relative motion
solutionthatincludesall zonal harmonicsof the Earth’s gravitational
field. This solution may be expressed in several reference frames,
including the familiar radial/orbit normal/in-track reference frame
(the Hill frame) of the CW solution. The new solution also offers
the advantage of the familiar expression

dx = A(t)dx + B(t)u (D
for the local dynamics control work, as well as the option to work in
the same orbital reference frame made familiar by the CW solution.
The effects of forces not included in the linear reference solution
are traced carefully throughout the development. Perturbations to
the linear system are studied, including quadratic and higher-order
terms arising from the two-body and zonal harmonics model, air
drag, and contributions from other gravitational harmonics.

This paper covers three basic topics. The first three sections dis-
cuss the existence and construction of periodic orbits in the zonal
potential problem. This establishes the reference orbit for relative
motion work. The next two sections discuss the construction of
the solution to the linear time-periodic problem. These sections
are the equivalent of the CW solution but incorporate much more
of the full dynamics. Care is taken in these early sections to track
how extra perturbing forces will appear in the problem as coor-
dinate transformations are made. Finally, the last sections detail a
full numerical/semi-analytic perturbationtheory to include all other
forces that appear in the motion of Earth satellites. The result is a
complete theory of satellite relative motion in the vicinity of nearly
circular orbits, to which control theory via Eq. (1) can be applied
and in which the effects of perturbing forces have already been
characterized.

Existence of Periodic Orbits
This paper reports the constructionof periodic orbits about Earth
in a dynamics model that includes the Newtonian point mass poten-
tial and (potentially) all of the zonal harmonics of the gravity field.
This dynamic system is time invariant, and so the Hamiltonianis an
integral of the motion, and because it is also invariant to rotations
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about the Earth’s polar axis, the z componentof angularmomentum
is also constant. This model, of course, includes the very important
J, zonal harmonic. However, it is sometimes claimed that orbital
motion about the Earth possesses no periodic orbits. The claim that
they exist needs to be justified.

Atthe lowestlevel,imagine an exactly circular orbit subjectto the
classic secularperturbationsdue to J,. The node will regress and, in
areferenceframe that moves with the ascendingnode (which we will
call the nodal frame), the circular orbit will close on itself. Because
the orbit is assumed exactly circular, the perigee will advance, but
this makes no difference to a circular orbit. Only the orbital period,
which is now the period from nodal crossing to nodal crossing, will
be changed by the advance of the perigee.

Actually, the claim that the argument of perigee must always
advanceis nottrue for very small eccentricities. The classicalsecular
perturbation theory that leads to this claim begins by ignoring all
periodic terms in the disturbing function. These are at least of order
one in the eccentricity, and if the eccentricity is very small they
should be negligible. The secular part of the disturbing function
yields the secular rates, and the effect of the small periodic terms
can then be studied. However, the Lagrange planetary equation for
the argument of perigee,

do V1—-¢€?9dR coti R
na*~/1—e* 9i

dt ~  na’e Qe
in terms of the disturbing function R, is obviously singular for small
eccentricity. Allegedly negligible periodic terms in the disturbing
function that are of order eccentricity e in the disturbing function
are of order 1 /e in dw/dz. In other words, they are not negligible at
all. The claim that the argument of perigee must always advance is
unfounded for nearly circular orbits.

At a much higher level of approximation, there is a considerable
literature on frozen orbits, including many successful applications
to actual missions. The theory of frozen orbits treats the behavior
of nearly circular orbits under the influence of secular perturbations
from all of the zonal harmonics. (Note that we also will isolate all
of the zonal harmonics.) Among many worthwhile efforts, we note
Nickerson et al.'! for an early discussion, whereas Rosborough and
Ocampo'? contains a more through treatment, and Shapiro'® dis-
cusses flight experience with Topex/Poseidon, and his work con-
tains a thorough bibliography. By the imposition of the constraint
that the secular rate of the argument of perigee be zero, the theory
of frozen orbits produces a very nearly circular orbit that remains
nearly frozen in its apsidial orientation, while the orbit plane still
regresses. These orbits exist for eccentricities so small that the sep-
aration of secular and periodic terms is clearly invalid. We will see
shortly that the current paper essentially extends frozen orbit theory
by including the periodic terms in the disturbing function, produc-
ing a true periodic orbit for the Newtonian plus zonal harmonics
gravity problem.

2

Reference Periodic Orbit
Begin in the usual Earth-centered inertial frame, with rectangu-
lar coordinates X, Y, and Z, with Z along the Earth’s polar axis.
We will use dimensionlessunits with the radius of the Earth Rg, =1,
the gravitationalconstant G = 1, and the mass of the Earth Mg = 1.
The problem of orbital motion aboutthe Earth, restricted to the zonal
harmonics, has the Hamiltonian function

sy LI (2
H_E{PX+PY+PZ}—7+;Z(;>JI-P,- =) ®

i=2

where, of course, r = /(X% + Y2+ Z?), the zonal gravity coeffi-
cients C;o = —J;, and P’ (Z /r) is the Legendre polynomial of order
i. The dynamic system (3) possesses time-reversal symmetry and is
symmetric about the Z axis. Hence, both the total energy H and the
Z component of angular momentum

L, = XPy — YPy 4)

are conserved. The momenta P; are just the inertial velocity compo-
nents because Eq. (3) is a Hamiltonian per unit mass of satellite. As

a convenientshorthand, we will write the inertial frame state vector
asI" =(X,Y, Z, Py, Py, P;). Note that, whereas the sum over the
zonal harmonics will in practice be truncated at some finite limit,
in theory all of the zonal harmonics can be included in the periodic
orbit and relative motion solution.

Nearly circular periodic orbits exist in this system at any incli-
nation and orbital radius but only in a reference frame regressing
about the Z axis at the (as yet unknown) nodal regression rate. For
definiteness, pick initial conditions at # =0 on the X axis with a
fixed initial inclination i, and fixed initial radius r, as

X =r, Y=0,

Z=0, Py =1y

Py = S, cosiy, P; = 8, sinig (5)
where the period 7, the radial velocity 7y, and the tangential speed
Sp are initial parameters to be determined from the solution of a
periodicorbit boundary-valueproblem. These three unknowninitial
conditions are to be determined by enforcing the final boundary
conditions at one period, t =17:

Z(r) =0, r(r) =ro, r(t) - P(r) =rofy  (6)
These conditions state that the satellite must again be crossing the
plane Z =0 at 7, that it be at the same distance from the Earth r,
and that it have the same radial velocity 7. The radial velocity com-
ponent 7, is necessary because the odd-order zonal harmonics, for
example, J3, introduce a north/south asymmetry into the problem.
The particular form of the final conditions (6) has been chosen to be
independent of the (still unknown) nodal regression rate. Conser-
vation of energy and the Z component of angular momentum then
suffice to force both the initial tangential speed Sy and the initial
inclination i to return to their initial values. We have implemented
this algorithm numerically. Typically, we have observed that all six
initial and final conditions match to at least 10 and usually 12 sig-
nificant figures, when compared in the rotating frame of reference.

The orbit does not return to the same position in inertial space.
The point at which the orbit closes on itself will have regressed
along the equator, and so the orbit is only truly periodicin a rotating
frame of reference. Once the periodic orbit has been found, we can
calculate the amount of rotation of the initial position about the Z
axiscosf =r(0) - r(r)/rg. Then, define an average regression rate
for the node as

Q=-0/t (7
and write a rotation matrix about the Z axis as
cos(Q + Q1) sin(Qp + Q1) 0

Ry, = 1§ —sin(Q + Q) cos(Qo + Q1) 0 8)
0 0 1

Including the initial right ascension of the node €2, removes
any special orientation for the periodic orbit. Then, the rotation
transformation

XY, ZHh" =R,(X,Y,Z)"
(P/,P)//,Pé)T=RZ(PX»PY,PZ)T )
is canonical, with a new Hamiltonian
H = 4{PP + P2+ P2} + QLY = PLX) + V(Z',r) (10)

It is in this coordinate frame that the periodic orbit actually closes
on itself. We will refer to this reference frame as the nodal frame.

The noninertial effects of the rotating frame are accounted for
by the cross product term PyY’ — P, X’ in the Hamiltonian (10).
The transformation (9) shows that the new momenta P are still the
inertial velocity components,now expressedin their componentsin
the rotatingnodal frame. This means thatnonconservativeforces are
simply addedin the momenta equations of motion, and we need only
resolve them in the nodal frame to include their effects. Of course,
conservative perturbing forces are included by adding a potential
term to the Hamiltonian itself.
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These periodic orbits exist for any value of the orbital radius and
inclination. Figure 1 shows the difference between the two-body
circular orbit values of speed V., Keplerian period 7}, and radial
velocity (zero), for the periodic orbit speed Sy, period 7, and radial
velocity 7y at an inclination of iy =0.5 rad. These differences are
all of order J,, indicating that we are looking at small, oblateness
engendered effects.

The coordinates of the periodic orbit in the nodal reference frame
close on themselves and can be conveniently reduced to Fourier
series.'* By examination of the Fourier coefficients, it is very easy
to truncate the summation at a level that guarantees a desired ac-
curacy, and, of course, the series representation can be numerically
compared to the periodic orbit to confirm this. We have found that
retaining the first 30 terms approaches full double-precisionaccu-
racy. When the canonical state vector is written in the nodal frame
as NT =X", Y, Z, Py, Py, P, the inertial and nodal states are
related by N= R( )I where R is a six by six block diagonal
matrix with two copies of R, on the diagonal. We will write 2Ny (¢)
as a shorthand for the periodic orbit itself.

We return to the relationship between the periodic orbits of the
current paper and frozen orbit theory. Figure 2 shows the variation
of the osculating elements e cos w, e sin w over one cycle of the pe-
riodic orbit, for the case of an initial radius of 1.1 Earth radii and an
inclination of 1 rad. Also plotted as a point are the approximate val-
uesof these quantitiesin frozen orbit theory, extracted from the plots
by Rosborough and Ocampo.'? These were computed for a gravity
field including zonal terms through order 50, whereas we have only
used terms through order 14. The author feels that the agreement is
quite satisfactory, given the differencein gravity models and that we
are describingslightly differentobjects. Frozen orbit theory does not
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Fig. 1 Differences between the periodic orbit initial conditions and
their Keplerian values.
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Fig. 2 Periodic orbit for one revolution plotted on the osculating
e cos w, e sin w plane.

include the periodic part of the zonal disturbing potential, whereas
periodic orbit theory includes all of the zonal disturbing potential.
The osculating orbital elements show that the argument of perigee
w is librating about w = 90 deg, as is expected in frozen orbit theory.
In fact, it cycles four times per orbit. Apparently, the current theory
of periodic orbits in a zonal potential is a somewhat more complete
version of frozen orbit theory, which treats only the secular terms
in the potential.

Orbital Reference Frame

The reference orbit is periodic in a frame that regresses with the
plane of the orbit. However, that is not the only frame in which the
orbit is periodic. Our goal is to produce a solution that resembles
the CW solution but includes much more of the total dynamics.
Also, itis desirableto be able to handle further perturbing forces, for
example, sectoraland tesseralharmonics,as well asnonconservative
forces such as air drag.

Introduce coordinates relative to the periodic orbit:

x = X' = X)(0), pe =P — Plo(t)
y =Y =Y, py = Py — Pyy(0)
2=27Z'-Z;@), p. =P, — P, (1) an

where the quantities subscripted with zero refer to the periodic or-
bit. This transforms the periodic orbit to the origin of the coor-
dinates. As shown by Wiesel,” this is canonical and reduces the
Hamiltonian function to its quadratic and higher-order parts, eval-
uated on the periodic orbit. That is, if we assemble the local coor-
dinates and momenta into a state vector Y = (x, y, 2, Py, Py, P2)s
the new Hamiltonian is A

H' = SHLV Y + VoVsV, +- (12)

Otﬂy

where repeated Greek indices are summed from one to six and
Roman indices (when they occur) can freely take on values from
one to six. Here, each H, is a fully symmetric partial derivative
tensor evaluated on the periodic orbit:

82 ’
AL (13)
3./\/0(3/\/,3 No()
83/]_[/
H, = ————— (14)
P ANGINGON |y

For perturbation and control work, it is necessary to track how to
reintroduce any dynamic effects that have been neglected. Forces
that we have not yet included in the problem are handled in a
very straightforward way. Conservative forces have a potential
energy function, and this is expanded about the periodic orbit
due to the change of origin (11). The zeroth-order (in V) terms
perturb the periodic orbit itself, and linear and higher terms in Y
perturb the relative motion. Nonpotential forces such as air drag are
also expanded about the periodic orbit, and because the p; are still
inertial velocity components, their effects appearonly in Hamilton’s
equations for the momenta states. As with conservative forces,
only the linear and higher terms in these forces perturb the relative
motion.

Now, introduce another set of coordinates that are the standard
reference frame used in the CW solution. Define unit vectors tied to
the reference periodic orbit, where the first vectoris radial,u; =r/r,
wherer is the nodal frame positionvector, the third vectoris the orbit
normal, u; = (r X v)/|r x v|, where v is the nodal frame velocity
vector, and the second vector, u, =u3 X u;, lies near the velocity
vector. Assembling these orthogonal unit vectors into a rotation
matrix

RT={"1 u, us} (15)
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we can introduce new coordinates in the radial, in-track, and orbit
normal directions as

4qr X
Q% =R{Yy (16)
qn <

Again, this rotation generates a canonical transformation. The gen-
erating function is just

Pr X
FZ = Dy R y (17)
Pn 4

and the momenta transform as (p,, p,, P,)” =R(px, py, )"
Write the new canonical state vector as Z7 =(q,, 4y, qu, Pr,
Puvs Pn)- It is this set of coordinates that mimic the usual radial/in-
track/orbit normal coordinates of the CW solution. (We note here
that satellites may use the horizon and orbit normal for their ref-
erence frame, rather than the actual radius vector. There is a slight
difference due to the nonspherical shape of the Earth. This rotation
transformation could just as easily use the horizon from an ellip-
soidal Earth model for the reference direction, and the discussion
to follow will be unchanged, although slightly different results will
be obtained numerically. The matrix R need only be periodic to
preserve the structure of the Floquet solution to follow.)

The quadratic part of the Hamiltonian (which, of course, generates
a linear dynamic system) transforms into the variables Z as

(7

1 oF, 1., :
’C2 = EH”ﬂyayﬂ + 8_1‘2 = EHaﬂRL?R;%)ZVZa +p- RRTq

(18)
The matrix R® is just the orbital frame rotation matrix repeated
twice:
R 0
RO = 19
0 R (19)

and the second term in Eq. (18) is the cross product to be expected
when transforming to a rotating frame of reference. Higher-order
terms in the Hamiltonian transform more directly, for example, the
third-order contributions to the Hamiltonian (18) are

LKapy 2aZpZ, = 2H, REORIREZ, 22,  (20)
and so forth. Again, the momenta states p,, p,, and p, are still the
inertial velocity components relative to the periodic orbit, but now
expressed in the unit vectors of the orbital frame. This means that
nonpotential forces are simply expanded about the periodic orbit
and then added to Hamilton’s equations of motion for the momenta
states once they have been resolved in the orbital reference frame.

Floquet Solution

The relative motion solution we are seeking is, like the CW treat-
ment, a solution to a linear system. However, expanding about the
periodic orbit, the linearized equations derived from Eq. (18) are
periodic in time. The solution to such problems was first found by
Floquet'® and has been discussed by many authors since.

The relative motion Hamiltonian (18), restricted to its quadratic
part, generates the matrix linear system

b =A0, Ot =0)=1 (21)

where the plant matrix A comes directly from Hamilton’s equations
of motion. Integrating this matrix differentialequation for one orbit
gives the monodromy matrix ®(z, 0). Now, according to Floquet,
the state transition matrix ® factors as

o, 0) = F@t)el' F71(0) (22)

The periodic modal matrix F(¢) and the Jordan form of Poincaré
exponents 7 must be constructed to find this solution. The initial
matrix F (0) is just the eigenvector matrix of ® (7, 0), as evaluating
Eq. (22) at t =1 will show. The eigenvalues of the monodromy

matrix u;, termed the characteristic multipliers, are related to the
Poincaré exponents 7; by J;; = log u; /t. SubstitutingEq. (22) into
Eq. (21) and simplifying produces

F=AF - FJ (23)

This differential equation, propagated for one period, allows the
periodic matrix F'(¢) to be found and reduced numerically to Fourier
series form.

However, the current problem s not quite this simple. Because we
have two integrals of the motion, there are two pairs of zero Poincaré
exponents,and each has an associated generalizedeigenvector. Gen-
eral purpose eigenvalue/vector software is written assuming that the
eigenvaluesare distinct and will find only three of the six eigenvec-
tors. However, the full set of eigenvectorsassociated with the four
zero Poincaré exponentscan be easily constructed from the system’s
fundamentalsymmetries, as will now be described. For definiteness,
denote the nondegenerate modal vectors as f; and f,, with purely
imaginary Poincaré exponents. (We are using a numbering scheme
that will keep canonically conjugate Floquet modes adjacentto each
other in the problem.) The first eigenvector with a zero Poincaré ex-
ponent is just the periodic orbit phase space velocity vector, f; =R
dNy/dt in the orbitalreference frame, suitably normalized. The sec-
ond eigenvector with zero Poincaré exponentis due to symmetry of
the problem about the Z axis and is in the direction of a rigid rota-
tion of the initial conditions about that axis, again expressed in the

orbital frame. That is,
_ Rk xr 24)
S5 = Rk x P’

where k is the Z axis unit vector. These are normal eigenvectors of
@ (7, 0). The remaining two eigenvectorsare generalized eigenvec-
tors and satisfy

(d)—[)f4=ff3,

These equations will still be singular because ® — I has four zero
eigenvalues.Note that each generalizedeigenvectoris undetermined
to within addition of an arbitrary multiple of the normal eigenvector:
fi=fa+yfs. Substituting the conditionsf; - fy=0and f; - fs=0
for two rows of the preceding will resolve this ambiguity. Also note
the extra factor of 7 on the right compared to the usual definition
of generalized eigenvectors. This factor is necessary to match the
Jordan normal form for this type of orbit, which will have two
nonzero diagonal elements and two blocks of the form

0 1 26

0 0 (26)
These Jordan blocks give rise to two terms linear in time in the
quantity e”’. In turn, this means that there are two directions in
phase space where a satellite can drift away from the reference orbit,
instead of the usual one direction familiar from the CW solution.
The second linear drift direction was first described by Schaub and
Alfriend.? More details on the construction of degenerate Floquet
modal eigenvectors can be found in Refs. 15 and 16.

The modal matrix F'(#) can now be propagated for one orbit via
Eq. (23) and conveniently reduced to Fourier series form. By the
inclusion of the nodal regressionrotation, the periodic orbit, and the
first-order Floquet solution, the inertial position vector of a satellite
can be written as

(@ — Dfs = tfs (25)

10 = R T ) + (R®) Fine? F 1) Z (1)) 27)

whereas in the orbital frame, the position of the satellite relative to
the periodic orbit is given by

Z(t) = F()el F~ (19 Z (to) (28)

This result includes potentially all zonal harmonics of the Earth’s
gravitational field and, like the CW equations, is correct to the first
order in small displacements from the reference orbit. The expres-
sions (27), for the inertial position, and Eq. (28), for the relative
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spacecraft positions, are conceptually identical to their CW equiv-
alents. However, the current solution includes all zonal harmonic
perturbations through the first order in small displacements from
the reference orbit, including the very important J, term. The so-
lution itself consists of one periodic six-vector Ny (¢), expressed as
a Fourier series, one periodic six by six matrix F(¢), also reduced
to Fourier series, the constant matrix 7, and the nodal regression
rate 2.

Floquet theory has many numerical checks that have been per-
formed in this effort. We have already noted that initial and final
conditions in the periodic orbit construction match to essentially
double-precision accuracy. The degenerate eigenvectors (24) and
(25) associated with this problem also generally satisfy the eigen-
value problem for @ to double-precisionaccuracy. A strong check is
thatthe numerical solutionto Eq. (23) is actually periodic,as Floquet
theory predicts. We usually achieve this conditionto about 9-10 sig-
nificant figures. Numerically, we observe a very strong decrease in
the size of the Fourier coefficients with order, so that truncation be-
comes a simple matter. Usually aboutthe first 30 Fourier coefficients
containall of the informationin the full numericalintegration. After
reductionof the periodic orbit and modal matrix to truncated Fourier
series, we haveroutinely compared the summed series versionto an-
other numericalintegration with a different,incommensurablepoint
spacing. This check matches the periodic orbit and modal matrix to
well over 10 significant figures.

Linear Solution Behavior

In this section, we describe the Floquet'® mode shapes of the
solution. This will point out the similarities and differences with the
more familiar CW solution. All results shown here are for a periodic
orbit with an initial 7y = 1.1 Earth radii (about 630-km altitude), and
an inclinationof 1 rad. We will also show results comparing the CW
solution to the current method.

We begin with the one nondegenerate mode, which exists prin-
cipally in the in-track/vertical direction. It has a nonzero pair of
Poincaré exponents that take the form [J,; ., =0=+iw;, and the
modal frequency w; is of order J,. Because the periodic modal vec-
tors have a period of one orbit, and the modal frequency is of order
J», we interpret this mode as the equivalentof the eccentricity mode
in the CW solution. The equivalent motion in the CW solution is a
simple ellipse in the radial/in-track plane, with a period of one orbit
and a ratio of axis lengthsof 2:1, and the current mode is very close
to this. In the current solution, however, this mode also includes
both the secular advance of the perigee and periodic perturbations
in the eccentricity itself. The periodic modal vectors f () and f>(t)
(the first two columns of F') model the usual 2:1 ellipse (with some
J> and higher perturbations), whereas the Poincaré exponent w is
the expected secular motion of the perigee. Solution (28) has been
used to construct Fig. 3, which shows the motion of this mode.

The remaining two Floquet modes are both degenerate and have
one modal vector that does not engender a term linear in time in
the solution and another that does. For the degenerate mode caused
by the conservation of energy, the modal vector f5 is the periodic
orbit velocity vector. A displacementalong this vector will produce
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Fig.3 Eccentricity mode lies mainly in the vertical/in-track direction.

a nearly static time displacement between the reference periodic
orbit and the satellite. The conjugate extended eigenvector f; will
produce a linear drift (secular term) in the in-track direction, with
a nearly static displacement in altitude. This is a behavior that is
conceptually the same as the CW solution, where the corresponding
mode combinesa changein orbital period with an in-track drift. The
modal vector f5 appears as a nearly horizontal oscillation, although
not through the origin of the coordinate frame. This mode is a slight
change in the node of the nearby satellite relative to the reference
periodic orbit. The conjugate extended eigenvector fg models the
effects of a slight change in inclination (and other elements), which
would induce a relative precession of the orbit plane under J, per-
turbations, as found by Schaub and Alfriend > The Floquet solution,
thus, shows all of the behaviors familiar from the CW solution, as
well as the expected J, effects on the relative motion.

We have also attempted accuracy comparisons between the CW
solution and our results. The equations of motion resulting from
Eq. (10) have been integrated numerically using a standard fourth-
order predictor-corrector integratorthat is strongly numerically sta-
ble . Initial conditions were chosenusing Eq. (27), so that individual
Floquet modes could be selectively studied. Of course, the CW re-
sults representan exact solution within the linear regime for relative
motion near a circular orbitin the two-body problem, just as our re-
sults are an exact solution within the linear regime for motion near
a nearly circular periodic orbitin the zonal harmonics problem. Be-
cause the CW solution will be exercised out of its original setting, it
will, of course, not do as well as the current method. However, the
current dynamics model, especially including the first oblateness
harmonic J,, will be much closer to reality than is the two-body
problem. We also have elected to give the CW solution every possi-
ble advantage and have only asked that it model the displacements
from our precessing periodic orbit, rather than displacements from
a nonrotating circular orbit. The CW solution was also given the
correct orbital frequency from the periodic orbit. There is not an ex-
act match between the dynamics of Eq. (10) and our solution either
because higher-order nonlinear terms about the reference periodic
orbit have been dropped in our method.

Figure 4 shows the results of this comparison for a period of
one week, with only the eccentricity mode excited. The initial am-
plitude was approximately 500-m displacement from the reference
orbit, which again was at 630-km altitude with an inclination of
1 rad. Note that the vertical axis, position error magnitude, is log-
arithmic, so that both solutions are departing roughly linearly in
time from the results of the numerical integration. In the case of the
Floquet solution, this could either be due to the influence of non-
linear terms that are present in the numerical integration and absent
in the linear Floquet solution, or it could be numerical drift in the
integration of Eq. (10). Subtraction of the periodic orbit reference
state from the numerical integration produces a large amplification
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Fig. 4 Position error for the current (Floquet) solution and the CW
solution.



WIESEL 781

of numerical errors, but the author feels very confident in the accu-
racy of the numerical integration and so interprets the discrepancy
as the limitations of the first-order Floquet theory. The accuracy
of the CW solution is uniformly two to three orders of magnitude
worse, and within a week the position error reaches the same order
of magnitude as the oscillationitself. This occurs in spite of the CW
solutionbeing given the correctorbitalfrequencyand thatithasbeen
extended to include the nodal regression of the orbit plane. When
used for rendezvousoperations,note that the accuracy is fairly good
for a day or so, which is usually more than the time interval used in
final approach and docking. The improvement in the Floquet solu-
tion, around 3.7 days, the author believes to be an unusual situation,
where the integration and the theory closely approach each other
once per orbit. This, of course, can not be depended on to always
happen.

Perturbation Theory

The developmentto here has been the analog of CW theory, witha
periodicorbitin a zonal potentialreplacingthe circular two-body or-
bit, and the linear Floquet solution replacing the constant coefficient
linear system solution of CW. However, this is not yet a complete
description of relative satellite motion.

The Floquet problem can be separated in either the nodal or or-
bital frame of reference. We will find it advantageous to return to
the nodal frame Hamiltonian (12) because higher-ordergravity har-
monics are more easily expressed in the nodal reference frame. The
equations of motion can be written (with nonconservative forces
included) as

dr a,(t) }

i=1,6 (29)

d 1 @
=i = Ao + EBiaﬂ(t)yayﬂ +--+ Ry {

where R(;) is the rotation matrix from the inertial to the nodal ref-
erence frame. Each tensor given is periodic and fully symmetric
on every index after the first and can be written in terms of partial
derivatives of the nodal frame Hamiltonian H':

*H’
At) =Zig——r (30)
INLON; Not
M
B (1) = Zig——r—e——r 31
_/k() 8./\/0(8./\/_,'8./\/1( Noto ( )

and so forth. Here, Z is the usual symplectic matrix

z=1°0 1! 32
B () (32)

required to produce the sign structure of Hamilton’s equations of
motion. As periodic functions, these matrices can be calculated and
reduced to Fourier series around the periodic orbit. The nodal frame
Hamiltonian H’ includes the two-body and zonal harmonics, so
that all other effects are included in the perturbing accelerationa,,.
The quantities a,(t) in Eq. (29) are any extra perturbing accel-
eration components on the system that were not included in the
two-body/zonal harmonics baseline model. These are inertial accel-
eration components transformed to the nodal reference frame by the
nodal regression rotation matrix R, and their lowest-order terms
are those found by evaluationon the periodic orbit itself, with further
expansionin Y components possible.

The Floquet solution makes it possible to separate variables and
to introduce new coordinates ideally suited to perturbation theory.
When the periodic modal matrix in the nodal frame are written as
E, introduce the new variables z by

Y=EMtz=RP®)F(t)z (33)

that is, F(t) is the orbital reference frame periodic Floquet modal
matrix used in earlier sections, R is the six by six orbital to
nodal frame rotation matrix, and E(¢) is the nodal frame Floquet
modal matrix. We will find the use of E(#) more convenient for

perturbation work because higher-order gravitational perturbations
are more easily expressed in the nodal than in the orbital frame.
The very important system state vector z(t) is the set of six Floquet
modal amplitudes. We have used the common transformationof iso-
lating the real and imaginary parts of the one complex mode,'” so
that both E(¢) and F(¢) in Eq. (33) are purely real matrices. Then,
substituting Eq. (33) into Eq. (29) and using the definition of the
Floquet modal matrix gives

d .
7= (E'AE —E'E); = Jz (34)

Here, J is the constantJordan normal form for this type of periodic
orbit:

0 +w, 0 0 0 0
—w, 0 0 0 0 0
0O 0 0100
T=10 0 000 0 (33)
0 0 00 0 I
0 0 0000

where the modal frequency w; is now real. We will refer to the z as
the modal variablesand to individualmodes as the eccentricitymode
(rows and columns 1 and 2, the only mode with purely oscillatory
behavior), the energy mode (rows and columns 3 and 4), and the
angular momentum mode (rows/columns 5 and 6). Applying this
transformation to the entire expansion (29) then produces

iz-=Jz +lE’lB EgE 252+ -+ ET'RY 0
dl‘l iaka 2‘ ia Papy & psyekste VA llp(t)

(36)

Again, the term with the perturbingaccelerationsis only the zeroth-
ordertermin an expansioninz. These equations separate variablesin
the linear part of the system and are ideal for studying perturbations
in the relative motion.

Second-Order Two-Body/Zonal Perturbations

The current solution includes the two-body problem, all zonal
harmonicsin both the periodicorbit and the Floquet solution,and the
first order in small quantities with respect to the periodic orbit. One
of the largest sources of perturbationsthenis likely to be the second-
and higher-order terms in the variational equations, especially the
two-body terms. In the modal variables, the first-order solution to
Eq. (36) can be written as

Z(t) — ej(t—to)z(to) (37)

When 81 =1 — 1, is abbreviated, the matrix e/ is easily found to
be

cosw8t sinwdt 0 0 O O
—sinw, 86t cosw;6t 0 O O O
0 0 1 6t 0 O
J st — 38
¢ 0 0O 0100 (38)
0 0 0 0 1 ét
0 0 0 0 0 1

Of course, the inverse of this matrix is just =%,

We begin by assuming that the first-order solution (37) is suffi-
ciently accurate to be used to evaluate the second-order perturbing
term. Writing

Bl = E;'Bos, Eg; Eyy (39
we note that this is also periodic with the period of the original
periodic orbit and can be developed as a Fourier series. Then, when
the evaluation of the second-order terms is performed, Eq. (36)

becomes

d
7= Jz+f() (40)
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Fig.5 A components over one orbit, showing only the part with no
secular terms.

where the forcing term is

st T
f:() = LB el% ez, (t0)2:(10) 41)

Then, the second-order free-oscillation solution can be written
using standard linear system techniques as

(1) = €)% (2, (19) + A gy (25(t0)z, (£0)] (42)

The first term in Eq. (42) is the zero-order solution (37), whereas
the remainder represents the desired second-order perturbations.
The second-order perturbations are given by the definite integral

1 t
~Jst s NETBWE
Aiju) =57 [ €7 By, €5, ey dt (43)
),

Closed-form evaluation of this integral is detailed in the Appendix.

Examining Eq. (43), and remembering that B’ is periodic, we
might expect secular terms (terms growing linearly in time) and
mixed secular terms (terms involving both a periodic term and a
term proportional to time) for those components of A, involving
a term in time in Eq. (38). Secular terms could also arise from a
nonzero constant term in the B’ Fourier series. The existence of fur-
ther secular and mixed secular terms in the second-order solution is
important because it governs whether more directions of instability
appear, other than the two directions present in the first-order solu-
tion. Figure 5 shows the behaviorof the A;j, overslightly more than
one orbit. Components of A;j fori #3, 5and j, k # 4, 6 have been
suppressed. That is, we have excluded the two directions z3 and zs
already known to possess secular terms and excluded the two initial
conditions z4(#) and z¢(#y) known to cause such secular terms. The
resulting Fig. 5 shows that the remainder of A;j; is periodic. This
means that no new unstable behavior appears at the second order for
zonal perturbations,other than that which appeared in the first-order
solution.

However, this does not mean thatif the modal variablesz4 = 0 and
Z6 = 0 that the cluster will remain together. There are secular terms
due to nonzero values of z;, i # 4, 6, that produce, in particular, in-
track dispersion of the cluster. These must be calculated to keep the
cluster accurately together in one region of space.

Perturbations from Outside Forces

To construct a periodic orbit, some forces were excluded from
the baseline dynamics. Although the inclusion of the zonal har-
monics brings the important J, term into the reference solution, all
sectoral and tesseral gravitational harmonics have been excluded,
as well as air drag. There is a fairly simple way that their effects
may be included in the solution, however. Because they have been

excludedfrom the baseline dynamics and the Taylor’s series expan-
sion of the dynamics about the periodic orbit, they first appear in
the nodal frame variational equations (29) or the modal variational
equations (36) with lowest-order terms that are the force evaluated
on the periodic orbit itself. The next-order terms will involve the
differential effects of these forces across the span of the satellite
cluster: the first-order terms in § Nor z. These higher-order terms
will involve, for example, the differential gravitational acceleration
of a tesseral harmonic term across the diameter of the cluster, or
the extra air drag experienced by an individual satellite because of
its motion about the cluster center. The effects of these first-order
perturbationswill be extremely small compared to the already small
effects of the zero-order terms.

Because both the nodal frame system (29) and the modal frame
system (36) are linear systems, and because these extra forces, when
evaluated on the periodic orbit, become functions of time alone, we
obtain a linear system with a time-dependentforcing function. One
simple way to incorporate these forces is to obtain the particular
solution to the linear system by numerical integration. The nodal
variable particular solution is the result of integrating

d 0
—Yi = Ao + Ry 44
it Yo +R7 a, (44)

with ); = 0 at the initial time. This form can be thought of as includ-
ing the perturbations from outside forces in the description of the
periodic orbit itself. Alternately (and, to this author, preferably),
the modal frame particular solution is the result of numerically
integrating

d 0
—. = 7 + EV(HRP 45
dtZI Juza ( ) 7 a, ( )

again with zero initial conditionsz; = 0 at the initial time. Of course,
the purposein calculatingthe particularsolutionis so that the effects
of these perturbationscan be subtracted to give the free oscillations.
This means that the satellite’s control system will not be burdened
with maneuvers to null out possibly benign perturbations of the
cluster as a whole.

Although we are numerically integrating Eq. (45) to obtain the
forced perturbations, our method still holds a great advantage over
a simple all-encompassing numerical integration of the equations
of motion in, for example, the inertial frame. Such a numerical
integration would not give the analyst any insightinto which part of
the integration produces effects that can be tolerated, for example,
purely periodic effects, and which part of the integration will tear
the cluster apart. A modern satellite theory must inevitably resort to
numerical integration to handle the wide variety of forces that must
be includedin a state-of-the-artmodel. However, the current theory
identifies and separates the acceptable and unacceptable effects to
a very high order of accuracy.

One important modification can be made to these equations that
greatly extends their range of validity. The periodic orbit and E(¢)
matrix are represented by Fourier series, and it is a simple matter
to insert an arbitrary phase angle in the evaluation of these series,
wot = wot + ¢, where wy =2 /7 is the periodic orbit frequency.
Now, a small change in this phase angle will cause a small dis-
placement along the state-space velocity vector. However, this is
redundant with the third Floquet mode z3, which is also a displace-
mentalongthe state-spacevelocity vector. Using a phase anglein the
periodic orbit is a global description of this effect, whereas the Flo-
quet mode z3 is the equivalentlocal description. Because we expect
significantin-track perturbations,especially due to air drag, we have
elected to replace the local in-track mode z; with the global phase
angle ¢ in the periodic orbit. The equivalentin-track displacements
are

X8t = Xod¢pJwo = f323 (46)
From this we find

¢ = wo(lf31/1X0D 23 (47)



WIESEL 783

using that f; and X, are strictly collinear. Then, reducing this to a
differential equation gives

¢ = an(1f31/1X0)23 (48)

which will completely replace the Z; equationof motion in Eq. (45).
Because we are effectively declaring z; =0 for all time, there is
no term in the preceding involving time derivatives of the vector
magnitudes.

Numerical Results

In this section, we report on numerical results obtained by the
methods given earlier. The reference periodic orbit used has an or-
bital altitude of 637 km and an inclination of 1 rad. We will include
all zonal harmonics through order and degree 14 from the EGM96
model.'® Of course, the zonal harmonics go into the periodic orbit
solution, whereas the sectoral and tesseral harmonics are a source
of perturbations.

Begin with the second-order perturbations due to the two-body
and zonal harmonic terms. We have already seen that these terms do
not introduce any additional sources of instability, other than those
already present due to the two terms linear in time in the Floquet
reference solution. Figure 6 shows the modal variables z; over one
orbit, where the displacements from the periodic orbit were chosen
to be large enough that the second-orderperturbationeffects are vis-
ible. Over one orbit, the free oscillationin the eccentricity mode (z;
and z,) has too long a period to be visible, so that without second-
order perturbations,all of these curves should be straight lines. The
continuous curve was produced by numerically integrating the full
trajectory and then solving for the osculating modal variables. The
theoretical values from the methods discussed earlier are shown as
points along each of the six curves. There is very accurate agree-
ment at this level, which corresponds to about a 1-km eccentricity
oscillation, combined with a 10-km separation in track. The two
modes linear in time have here been excited at a level that will be
unacceptablein an actual satellite cluster, to observe their second-
order perturbations as well. This shows up as nonzero values of z4,
a change in the Keplerian period, and z4, a change in the z angu-
lar momentum/nodal regressionrate. Of course, these perturbations
become larger (and less accurately modeled) as the separation from
the periodic orbit increases. However, even for smaller-sized satel-
lite clusters, accurate modeling of the second-orderfree oscillations
will mean that they will not be responsible for unnecessary control
usage.

In calculating the perturbations from other forces, we have in-
cluded all sectoral and tesseral harmonics from the EGM96 model
through order and degree 14. The accelerationdue to air drag

Q4ae = —3B*pov (49)

was included in the inertial frame numerical integration, with a bal-
listic coefficient B* = 0.1 m?/kg. The atmospheric density p model
was taken from Regan and Anandakrishran!® From here on, all
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Fig.6 Second-order zonal perturbationsin the modal variablesz; over
one orbit.
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Fig.8 Perturbations in the periodic orbit phase angle ¢.

cases will have the initial values z4 =0 and z¢ = 0 to suppress any
tendency of the solution to depart from the reference periodic orbit
by virtue of the Floquet solution. Numericallyintegratedtrajectories
can be transformed from the inertial frame to the modal variables z;
for comparison with the particular solution. Alternately, the inertial
coordinates can be calculated from the free and particular solution
and compared with the inertial frame results.

Figure 7 shows the behavior of the modal variables z; under the
influence of sectoral and tesseral gravitational harmonics and air
drag, with the exceptionof z3. Instead of z3, Fig. 8 shows the behav-
ior of the periodic orbit phase variable ¢. Both integrations cover a
period of one day. Again, the solid curve comes from the numeri-
cal integrationin inertial rectangular coordinates transformed to the
modal variables. Points show the theoretical predictions from the
numerical integration of the particular solution equations of motion
(45). The effect of air drag is to produce a quadratic departure in
the periodic orbit phase and to impart a linear drift to z4, which is
essentially the orbital energy. Use of the orbit phase ¢ extends the
time until it becomes necessary to shift the reference periodic orbit
to one thatis more representativeof the actual cluster orbit. Without
air drag, the forced perturbationsin all six modal variables are es-
sentially periodic. Eventually the drift in z, will exceed the validity
of the linearization, and a more representative periodic orbit must
be chosen. The agreement between the inertial frame numerical in-
tegration and the modal variable forced perturbationsis better than
1 m and is often at the centimeter level.

As a final numerical experiment, we combine both second-order
and particular solutions in one single orbital calculation. Also, in-
stead of showing plots of the modal variables, we plot the position
error of the satellite, calculated as the magnitude of the difference
between the inertial frame integrated position and the equivalent
result from the modal variable perturbation work. Figure 9 shows
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the position prediction error for a cluster with a free-oscillationam-
plitude of about 1 km from the periodic orbit. In the case shown in
Fig. 9, there is no air drag force on the satellites. The curve labeled
O(0) is the raw periodic orbit itself, included so that the magnitude
of the free oscillation about that orbit can be seen. (Of course, the
periodic orbit uses the perturbed phase ¢, so that it remains locked
to the actual solution.) The Floquet solution without perturbationsis
shown in the curve labeled O(1). The Floquetsolutionin this case is
not much of an improvementbecause the free-oscillationamplitude
has been chosen to be very small. Finally, the curve labeled O(2)
includes both the second-order free oscillations from zonal gravita-
tional terms and the first-order forced solution from all sectoral and
tesseral gravity harmonics through order and degree 14. This latter
curve achieves a predictionerror of better than 50 cm after one-half
of a day.

Including air drag presents a considerably greater challenge.
Figure 10 shows the same case as the preceding experiment but
now with air drag included in the dynamic model. Again, individual
curves show the position prediction error for the periodic orbit, the
Floquet solution, and the predicted second-order perturbations. Po-
sition errors at the end of one-half day now rise to about 25 m. This
is, of course, an open-loop experiment. An actual satellite cluster
will use an estimation technique to fit both the periodic orbit, modal
amplitudes z;, and air drag B* to actual data. It is suspected that this
will significantly improve the accuracy.

With accurate modeling of the dynamics, it will not be nec-
essary to waste stationkeeping fuel in an attempt to null benign
natural perturbations. The control problem reduces to suppressing
the two linear drift rates present in the Floquet solution: the dif-
ferential Keplerian period drift excited by a nonzero value of the
modal variable z, and the differential nodal regression excited by

the modal variable z¢. Actually, the dynamic mismodelingitself will
be a source of a waste of stationkeeping fuel. If we take the results
of the last simulation at face value, an error of 100 m in one day can
be canceled by a maneuver of 1.1 mm/s over one day. (This equates
to less than 40-m/s Av requirementin a five-year lifetime.)

Discussion

In this paper we have reported on a new relative motion solution
for satellitesthatis, in a very real sense, an improved analogue of the
CW solution. The current solution uses the two-body problem plus
all zonal harmonics as its baseline dynamics, whereas the baseline
dynamics of the CW solutionis the two-body problem. The CW so-
lution linearizes abouta circularorbit and produces a set of constant
coefficient linear equations, whereas the current method linearizes
about a nearly circular periodic orbit and produces a set of time-
periodic linear differential equations. The classic CW solution is
solved with standard linear system techniques in the orbital frame
of reference, and has one mode linear in time. The current solu-
tion is produced via Floquet theory, again in the same orbital frame
of reference, and produces two modes linear in time. The second
secular mode is associated with differential regression of the nodes
for different values of the orbital Z angular momentum, as reported
by Schaub and Alfriend.> The CW solution can be expressed as
one circular orbit plus one time-dependent matrix, the state tran-
sition matrix. The current solution is completely described by one
periodic vector, the periodic orbit N (#), and one periodic matrix
function, the modal matrix F(¢). The current solution includes all
of the familiar features of the classical CW solution, but, in addi-
tion, contains all of the zonal harmonics, especially the dominant
oblateness term J,.

Conclusions

The periodic orbit/linear Floquet solution to satellite relative mo-
tion discussed in the early part of this paper already includes many
dynamic effects not present in the CW solution. However, all of
the rest of the dynamics present in a fully realistic problem can
be included in either a second-orderfree-oscillationsolution driven
by the two-body and zonal harmonics, or in a particular solution in-
cludingall other dynamic effects. The second-ordertwo-body/zonal
harmonic solution was obtained analytically and does not introduce
any additional sources of instability beyond that already present
in the Floquet solution. Sectoral and tesseral gravitational harmon-
ics and air drag have been modeled by constructing a particular
solution to the time-periodic linear system. This has been done
numerically. The particular solution can be extended by recogniz-
ing that one mode of the linear system, z3, is the local expression
of changing the global phase of the periodic orbit reference so-
lution. Forces modeled in the particular solution to lowest order
affect the dynamics of all satellites in the cluster equally. In ef-
fect, the particular solution is a perturbation of the periodic orbit
itself. Perhaps most important, air drag will cause the cluster orbits
to decay slowly, but to quite high accuracy will not separate the
individual satellites, assuming that they all have the same ballistic
coefficient.

The actual overall closed-loop stationkeeping requirements will
need to include the actual control method, the navigation and orbit
determination problem, any mismatch between the modeled and ac-
tual dynamics, and errors introduced by performing the maneuvers.
With the ability to treat the dynamics accurately, we can proceed to
design control systems in the linear, but time-periodic,system, once
second-order and forced perturbations are subtracted.

Appendix: Second-Order Free Oscillations

The second-order terms in the zonal problem require the evalua-
tion of the integral (43). We wish to perform this task analytically
to see whether any further instabilities appear. The state transition
matrix for the first-ordersolutionis given by Eq. (38), and the tensor
B/, from Eq. (39) is available as a Fourier series. Counting up the
possibilities from exp(J é¢), we can have terms involving cos w; 6¢,
sin w;4t, and ¢, raised to powers up to three. There will also be con-
tributions from the Fourier series representation of the B’ tensor in
sines and cosines of wyt, where wy is the frequency of the periodic
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orbit. Then, suppressingall i, j, and k dependence in Eq. (43), we
must integrate objects of the form

/ Z Z =(E£1){c. cosewyt + s, sinewyt}

0 afy e=0
X (coswit)" (sinw,t)"¢" dt (A1)

Here, c. and s, are Fourier series coefficients from a particularterm
of foﬁy and the integers ny, n,, and n; come from counting the
occurrenceof these terms in the particularterm of the tensor product
in Eq. (43), as does the factor £1.

Now, we replace the trigonometric functions with their complex

exponential equivalents. The B’ Fourier series term becomes
C. cOSewgt + S, sinewyt = Ce'*®0" 4 C*eicw0! (A2)

where C = (¢, —is.) /2, and the asterisk denotes the complex conju-
gate. The standard identities are used to replace cos w; ¢ and sin w; ¢
with their complex equivalents. Then, using the binomial theorem
twice gives

L+ny+n ni n
p=YY (1) e XY

aBy €=0 r=0o=
x —(n”; ':37; / {Cev 1™ + Cre™' 1) dr (A3)
Here,
v =ilewg + (ny +ny, — 2% — 20)wy]
v, = i[—€wg+ () +n, — 21 — 20)w] (A4)

and 0! =1 when it occurs.
The actual integrations have now been reduced to elementary
integrals. For completeness, we cite the necessary results

1 vt — 1
/e”’ dt = —e"' /te“’ dt = > eV
v v
2.2 _
/t2e“’ dt = vt 2ut +26
w3
3v*t? 4+ 6vt — 6

343
V33 —
3 Ut
/ dr= vt

These integrals will be real valued, although they are most conve-
niently evaluated with complex arithmetic. Also, for € =0, there are
some values of the summations over A and o that lead to one or both
of the v; =0. In this case, the integrals become the familiar

1
/t'”dt:n _Ht””‘ (A3)
3

It is the terms containing powers of time that are of concern
in the free second-order solution, the secular and mixed secular
terms. We have taken the trouble to construct this semi-analytical

vt

eut

solution (using numerically determined Fourier coefficients for B")
to the second-order perturbation problem to determine where such
terms occur. In practice, it may be simpler to include the second-
order two-body/zonal perturbations by direct numerical integration
of Eq. (36) instead of Eq. (45).
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